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1 Introduction 



In a recent work the authors have constructed two new (1 + l)-dimensional scalar field 
theory models starting from analyticaly solvable Schrodinger equations. Starting from 
the Morse potential we have obtained the model with density potential given by 



u{4>) 



m 



2 J,2' 



^In^ 



9m^ 



(1) 



and starting from the Scarf II hyperbolic potential we obtained the model with density 
potential given by 

1 - - - - r 1 /aVM 



U{(j)) = -m^E^^^cos^ 



2B 



9m4 



(In ref. [U we fixed B=l/2) The profiles of these density potentials given by eqs. and 
(^) are showed in fig.(|l|) and fig.® respectively. In that follows we refer to the models 
with density potentials given by equations (|l|) and (H) as models I and II respectively. 

For the model I it is easy to obtain the kink and anti-kink like solutions. They are 
given by 



±0oexp(-e±™(^-^°)), (3) 

where 0o = 3m^/a |^. In this case we have two kinks and two anti-kinks respectively 
that lie between two of the three degenerate trivial vacua that are showed in fig.(|lD. The 
energy of these classical configurations are all the same and are given by 



m 




m 



In 



9m4 



1 2> 



exp(-2e^'"^) 



We can make a Taylor expansion around one of the trivial vacua and we obtain 

1 



2 ^ 6^ 216^ 



a 



(4) 



(5) 



14580 m' 

where we have shifted the field as = (y9 ± 0o)- We remark that an expansion around 
the point = is not possible because with the exception of the first derivative all the 
derivatives of are infinite at this point. This means that it is not possible to have 
perturbative dynamics around the trivial vacuum = 0. Note that this model possesses 
a discrete symmetry ?7(0) = f/(— 0) that is broken by the perturbative vacua ±0o. 
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Model II has infinitely degenerate trivial vacua at the points (j) = ±(f)n with given 



by 



3m 



a 



exp 



2n + l 



ttB 



n 



0,±1,±2, 



The kinks and anti-kinks that lie between two of these trivial vacua are given by 



a 



exp (mrB ± B tan (sinh(ma;)) 



n 



0,±1,±2, 



(6) 



(7) 



where the solutions with (±) signs in the exponents correspond to the kinks and anti-kinks 
solutions respectively for each value of n and for each sign that appears in front. Also this 
model possesses the discrete symetry U{~(j)) = U{(j)) that is broken by the trivial vacua. 
Notice that lim„^oo 0n = 0, i.e, the density potential oscillates infinite times between 
some finite value of (p and zero. Also observe that the distance between the trivial vacua 
grows out exponentially. We can also obtain the energy for these configurations, they are 
given by 



H\ 




+ 



m 



cos 



9m4 



In 



Qm^iJ^e^^"'' /""^ exp(±2i? arctan(sinh(mx))) 
ax 



cosh (mx) 



m 



(8) 



where I{B) is given by 



I{B)= dse^^'''^^'''^'^ (9) 

and can be evaluated numericaly for each value of 5. In eq. (^) we can see that the 
energy associated with these static configurations are all different. As in the case of the 
model I, we can make a Taylor expansion around one of the trivial vacua and we obtain 



:i + A/B 



2^ a" 



9(4!) 



?4\ 



g-(2n+l)7rB^4 



(4 + 20/5^+16/5^ a^ 2(2n+i).B . , 
^ (81)6! ^ 



(10) 



Here we have redefined = (y? ± 0„). From the Taylor expansion we can see a peculiarity 
of this model. When n oo aX\ the terms vanish except the quadratic term, i.e, the 
perturbative sector around the trivial vacuum for n — oo becomes a free theory. Also 
as in the model I we have to stress that when n ^ — oo the Taylor expansion given by 
eq.(|I^) is meaningless, i.e, there is no perturbative dynamics around the trivial vacuum 
(/) = 0. 
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In the next section following Jackiw[?] we will use the Kerman-Klein method to analyse 
the quantum properties of the solitonic solutions. 

2 Quantum meaning of the solitonic solutions: the 
Kerman-Klein method 

To analyse the quantum properties of the solitonic solutions, we use the Kerman-Klein 
method 0,0. For such purpose we postulate that in addition to the perturbative states 
(that we call meson states), there are other particle states, the quantum soliton states (in 
the literature they are called the baryons states). The one-soliton state \E > are energy 
and momentum eigenstates 

H\E >= E\E > , 

P\E>=P\E>, (11) 

where E = ^/WTW and M is the mass of the quantum soliton state. Further it is 
postulated that for small coupling constant (a small) the quantum soliton is very heavy, 
z.e, M is taken to be 

M ^ 0{a-^) . (12) 

In addition we postulate that there are one-soliton multi-meson states, \P, Ki, K2... > 
where P is the total momentum and is the asymptotic meson momentum. Also we 
postulate the stability of the quantum solitonic state, i.e, that matrix elements as 

< meson state, soliton state 1 00... | meson state, no soliton state >= (13) 

vanish. In model I we can see that there are two types of soliton states, i.e, the corre- 
sponding to the (±) signs that appear in the exponential of eq.(|^). These states are called 
soliton and anti-solitons states respectively. For the model II we have an infinite number 
of soliton and anti-soliton states, labeled by the index n of eq. (0). In both cases we are 
considering that the soliton and anti-soliton states corresponding to the (±) signs that 
appear in front to the eqs. (^ and (0) are the same. This is justified by the discrete 
symetry f/(0) = t/(— 0) in both cases. The sectors of the Hilbert state constructed taking 
into acount the soliton and anti-soliton states are called the soliton and anti-soliton sec- 
tors respectively. Finally we postulate that the soliton sectors do not comunicate with the 
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anti-solitonic sectors. Now we can verify using the above postulates and self-consistence 
that 

< P'; K[, <|0|P; K^, K'„, ^ , (14) 

where the subscript c denotes connected part and is a Heisenberg field operator. For 
this purpose we use the equation of motion for the field operator 0, 

In first place we will compute f{P\ P) =< P'|0|P > to the order 0{a~^). In both models 
we can make a taylor expansion for f/(0) around one of the trivial vacua. It is easy to 
show that such expression in both cases have the following form 

oo 

Ui^) = J2aia''\^-(l)oy . (16) 

1=2 



In eq.(|TB) (f)Q denotes one of the trivial vacua and the coefficient ai does not depend on 



a. Using eq . ([Tq) in eq. ([15|) we have 



Using the Heisenberg equations of motion 



dx 



-5:w-2(0-0o)'^^ (17) 



twice in eq. (|17D we obtain 

oo 

(^(P _ p')2 _ _ E')^^ f^p'^ P) = - E lai^''' < P'li^ - <t>oy-'\P > . (19) 

1=2 

Each element f^^{P\ P) =< P'\{(f) — 0o)'"^|P > can be written as 



f-\P',P) = E<P'|(0-0o)|mi><mi|(0-0o)|m2><m2|... 

mi 

...|mi_2 >< m,„2|(0-0o)|P > , (20) 

where the sum is over the complete basis |mj >, i.e, over the soliton states, the soliton 
one meson states, the soliton two meson states , etc. In eq.(|19]) the left hand side is 
of the order 0{a~^). For consistency we have to take the right hand side also of this 
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order. In order to make this possible we have to take each /^~^(P', P) term of the order 
0{a~^^~^^). Then in eq. (|20|) we have to retain only the sum over the one solitonic (or one 
anti-solitonic, if it were the case) states. Then we have for /'^^(P', P): 

/HP flP rl P 
^^•••^[/(P', Pi) - 2vr</)o5(P' - Pi)][/(Pi, P2) - 27r0o5(Pi - P^)]... 

...[/(Pz_2, P) - 2n(PoS{Pi-2 - P)] . (21) 

Replacing eq.(^) in eq.(^9|) we obtain an integral equation for f{P',P), 

dPi dPi^2 



P _ p')2 _ _ ^')2) f^p^^ P) = - ^ laia^-' / 

1=2 ■' 

[f{P\ Pi) - 27r0o5(P' - Pi)]...[f{Pi-2. P) - 2n<PoSiPi-2 - P)\ • (22) 



27r 2tx 



To solve eq.(p^) we note that at this order {E — E') ^ 0. This can be seen using 
E = a/P^ + ~ ^ + W noting that the second term is of the order C(a^), i.e, 
at this order the energy is independent of the momentum. This is compatible with the 
assumption that the quantum soliton is very heavy. Also using the Lorentz invariance of 
/(P', P) we can set at this order f{P', P) = /(P — P). Using these facts eq. (|^) can be 
reduced to 

00 r rl P rl P 

{P-P'ff{P\P) = -j:i^ia'-'l^-^[fiP'-Pi)-^^<l>o5iP'-Pi)]... 

■■.[f{Pi-2 -P)- 2n<f)oSiPi-2 - P)] ■ (23) 

We can solve eq. (p3D in terms of a Fourier transformed function (j){x) 

f{P' -P) = J dxexp[i{P' - P)x](f){x) . (24) 
In term of 0(x) eq. ( [23| ) is 

00 

rix) = ^/a,a'-2(0(a;)-0o)'"' 
1=2 

= f/'(0). (25) 

We recognize eq.(|25|) as the classical equation of motion for 0c- Therefore, at the order 
0{a~^), we obtain for the matrix elements for the quantum field operator between one 
soliton (or one anti-soliton) states: 

< P'|0|P >= J dxexp[i{P' - P)x]^c{x) , (26) 
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where (pdx) is given by equation (|^) or (^. Since in both models I and II (pdx) is 
proportional to 1/a one verifies in eq.(^) that < P'\(j)\P > is 0{a~^). We can compute 
at first leading order the mass of the quantum solitonic state using that at leading order 



H\P >= y/W+M^\P >^ M\P >. The energy operator is 

H = Jdx (^9^09^0 + . (27) 



Replacing eq.(0) in eq. (|27D we obtain 

<P\H\P> = Jdx^^<P\d^^d^^\P>+p^aia'-^<P\i4>-(l)oy\P>^ 

\ nil 1=2 m, 

< P|(0 - 0o)|"^i >< mi|...|m;_i >< m;_i|(0 - 0o)|P >) (28) 

and since the left hand side of eq.(|28D is of 0{a^^) order we can see that in the sum over 
rrii we have only to retain the sum over the one soliton states and using eq.([l8|) in the 
first term of the right hand side of eq.(|23) we obtain 



<P\H\P> ^ 2Tr6{P-P)M 

= 2n6{0) J dx r- (^) + f/(0,) j . (29) 



Then we have for the soliton mass at leading order 

that is, it is equal to the energy of the classical static configuration. For model I it is 
given by the eq.(|^) and for model II it is given by eq.(H). In both cases M is (9(a~^) 
confirming eq.(|T^. Note that in model I the two different soliton states have the same 
mass at this order. On the other hand the mass of the soliton states of the model II are 
different. Note also that the soliton mass becomes infinite when n oo. In order to 
compute f{P', P) to the next order we have to retain in eq.(pOD the sum over soliton one 
meson states \P,k >, then we will obtain the next term for /'~^(P', P): 

rdPidkidP2 dPi dPi-2 wi/? , m ,^ , ^ , ^ 

|P, X Pi|(0 - 0o)|P^+l X Pi+l\...\Pl-2 >< Pi-2|(0 - 0O)|P > +••• 

r dPi dP2 dPj dkj dPo ,, - 
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|P,; ki >< Pi; ki\{(f) - (f)o)\P,+i >< Pi+i\...\Pi-2 >< Pi-2\{<f) - MIP > +■•• 

/dPi dPo dPj dPj^o dkj_2 ^^/i/^ ^^i/^ 
^^^...^^ < pi(0-0o)|p. X p.i(0-0o)iA X n.. 

|P, X P,|(0 - 0o)|P.+i X P,+i\...\Pi-2; ki-2 >< P1-2; ki^2\i4> - 0o)|i^ > • (31) 

Since fk{Pi,P2) =< Pi\(p\P2,k > is of the order 0(a°) then the contribution for 
f'-^^{P' , P) given by eg. ([31|) is of the order 0(a^~') and from eg. (p!9|) we can see that 



the expression (31) is the 0{a^) contribution for f{P',P). We can see that to compute 
f{P', P) to the next order we need to know fk{Pi, P2) at lower order. Also if one computes 
the energy, to the next order we will need fk{Pi,P2)- Then our next task is to evaluate 
fk{Pi,P2)- Using eg.(0) and eg . (p^Sf) we obtain 



JP2 - Pi)' - (^2 + uj{k) - E^f) MPi, P2) = - E <Pi\i<P- 0o)'"'|P2; k > . 

1=2 

(32) 

We can write fi'\Pi, P2) =< Pi|(0 - 0o)'"^|i^2; A; > as in eg-f^) 



fl\Pi,P2) = E < ^il(<^-'^o)|"^i >< "^i|(0-0o)|"^2 >< m2|... 

rrii 

...|mz_2 >< m,_2|(0- 00)1^^2; /c> • (33) 

The left hand side of eg.(^2]) is of the order 0{a'^) then fl^^(Pi, P2) need to be of the 
order 0(a^~'). If we retain in eg.(^) the sum only over soliton states it can be seen that 
fjr^{Pi, P2) is of reguired order 0(a^~'). But if we keep in the sum over m/_2 soliton one 
meson states (in the other mj's we sum over soliton states only) using 

< P1-2; ki^2\4>\P2; k >= 2n6{ki_2 -k)< Pi-2\4>\P2 > + < P1-2; ki-2\$\P2; k >, (34) 

and retaining only the disconected term we can see that also such term will be of the 
reguired 0(a;^^'). Nextly we can retain in the sums over m/_2 and mis one meson 
soliton states and retaining as above only the disconected terms it can be seen that also 
the term obtained will be of the order 0(a^~'). Next we retain in the sum over mi-2, 
mis and m;_4 soliton one meson states, next in m;_2, mis ^1-4 and m/_5 and so on. All 
these terms will be of the order 0(a^"'). We see that there is one term with origin in the 
sum over soliton states, and (/ — 2) terms from summing over soliton one meson states, 
that is we have {I — 1) terms of the order 0(a^~'). At this order still E = M. And using 
a Fourier transformed function 0fc(x) 

/fc(P2, Pi) = / rfa;exp[z(P2 - Pi)x]Mx) (35) 
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we can prove that all the — 1) terms give the same contribution in eq. 
obtain the following equation for 4>k{x) 



). Then, we 



. 1-2/ 



a 



1=2 



-u"Mx))M^) 



that is, we obtain a Schrodinger like equation for (pkix 



+ f/"(0c(x)) 



(j)k{x) = uj {k)(j)k{x). 



(36) 



(37) 



Of course eq.(|37|) has discrete and continuum eigenvalues uj'^{k). The discrete eigenvalues 
can be interpreted as excited states of the soliton states. The continuum eigenvalues are 



uj{k) = y/k^+m? (where m is the mass of the mesons) and the eigevalues asymptoticaly 
behave like e^^^, i.e, meson plane waves. That is, at this order the scattering of mesons 
by solitons are described effectively by the scattering problem given by eq. (^) . It is easy 



to show that d(j)c/dx is the eigenfuntion of (|37|) with eigenvalue zero. It was shown [?] 
that these eigenfuntions can be disregarded from the complete basis 0fc(x) consistently 
with Poincare invariance and the conmmutation relation between the field operator and 



its canonically conjugate momentum. The zero mode solution of eq.(|37D has no physical 
meaning, it gives only the first corrections to the movement of the soliton. To show the 
above one needs to write (j)k{x) in terms of normalized eigenfuntions ipkix), as (f)k{x) = 



iJk{x)/ J2uj{k) and then we have for fk{P2i Pi] 



fk{P2,Pi) = J dxexp[i{P2 - Pi)x] 



i'kix) 



2u{k) 



(38) 



where now we understand that the zero modes are excluded. Using eq.(^) in expression 
(|3lD one can prove that f{P', P) is given by eq . (p^ but now with 0(x) given by 



0"(x)=f/'(0) + ^G(x,x)t/'"(0) 



where 



G(x,y) = E 



, ipl{x)ipk{y) 

2uj{k) 



(39) 



(40) 



where the prime in the sum indicate that the zero mode is excluded. Also we can compute 
the mass of the soliton to the next order retaining in ( ^8]) the contribution of soliton one 
meson states, obtaining 

M = H[c^,] + ]^Y.^{k). (41) 

k 
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3 The scattering of mesons by solitons 



As stated above to the scattering of mesons by solitons we have to solve the one dimen- 
sional scattering problem for the Schrodinger equation given by eq.(P^. For the model I 
the eq.(p7D is given by 

.il + m2(e±2'"^ - 3e±"^^ + 1)1 M^) = , (42) 

dx'^ J 

where the signs ± are respectively for the soliton anti-soliton sectors. Here we solve 

explicitly the + case. In fig.® we show this potential for the + sign. Solving eq.(|^) one 

finds that there is only one discrete eigenfuntion |^ 

= 2v^e™" exp(-e"^") , (43) 

with zero eigenvalue cJq = 0, and continuous eigenfuntions with eigenvalues going from 
to infinity. As we stated in preceding section the mode zero has no physical interpretation. 
Because there is no more discrete eigenfuntions, in this case the soliton state can not exist 
in a excited state. The continuum eigenfuntions are interpreted as the scattering of mesons 
by the soliton. One can see from the potential profile showed in fig. (|^) that mesons coming 
from X = —oo can not reach x = oo, they are absolutely reflected by the soliton going 
back again to x = — oo. Then one can espect to find for the reflection and transmitions 
amplitudes R = e^^^''^ and T = respectively, with 5{k) a real function. In order to find 



6 we have to solve eq. (|42|) with the following boundary conditions 

-oo) = Ae'^"" + Be-'^'' , (44) 

and 

^k{x ^ oo) = . (45) 

To compute R we have to compute the relation between the values A and B. For this 
end we make the following change of variables 

i = 2e^\ ^.(x) = e-«/2e'=/"x(0 , (46) 



in eq. (|42|) and we obtain the following equation for x{Cj 

ex"(0 + (2^A;/m + 1 - (0 + (1 - ^k|m)x{^) = , (47) 

a confluent hypergeometric equation, whose solution is given in terms of hypergeometric 
functions]^ 

= ciF{ik/m - 1, 2ik/m + 1, + C2i~'^'^''^F{-ik/m - 1, 1 - 2ik/m, i) . (48) 
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Using eg. (|48|) in eq.(|^) we obtain for ipkix) 



ciC^/'^F{ik/m - 1, 2ik/m + 1, + C2r'^''^F{-ik/m - 1, 1 - 2ifc/m, 

(49) 

where we can see that for ^ ^ (x — — oo) this solution behaves hke eg. (PD . Using the 
asymptotic value for F(q;,7,,^) [|1 



it is easy to see that solution given by eq.(|^) behaves as eg . (^Sf) only if 

_ T{ik/m - l)T{-2ik/m) 
~ V{-l-ik/m)V{2ik/m) ' 

Now using eg.(pTD in eg .(^91) and taking the limit x —oo we obtain 



-oo = C2 



T{ik/m — l)r(— 2ifc/m) ^.fe/^^-fc^ ^ 2-«'=/™-g-*'=^ 



V{-l-ik/m)V{2ik/m) 
from wich we obtain for the reflection amplitude: 



T{-l-ik/m)T{2ik/m) 
T{-l + ik/m)T{-2ik/m) ' 



R{k) = B/A = 2-2^ 
And 5{k) is obtained as the argument of the above expression 
5{k) = Arg 



L-2^k/m T{-l-zk/m)T{2zk/m) 
T{-l + ik/m)T{-2ik/m) 



(50) 



(51) 



(52) 



(53) 



(54) 



Note that as expected |-R(A;)| = 1. The case (— ) in eg. (^2]) follows identicaly as the above 
case. The mesons caming from a; ^ oo never reach x — > — oo, they are totally reflected 
by the sohton back again to a; — > oo. The reflection amplitude is given as in the (+) case 
by eg.(§D. 

For model II the Schrodinger eguation (|37|) is given by 



dx"^ 



+ 1 



[B'^-2) tanh(mx) 
=F oB- 



(f)k{x) = Lu{k) (j)k{x) 



(55) 



cosh^(mx) ' cosh(mx) 

where the signs (=f) are related to the soliton and antisoliton sectors respectively. We 
show this potential in fig.(^ for the — case. This eguation have one discrete eigenvalue[0 

.exp(±2i? tan~-'^(sinh(mx))) 



Mx) = N- 



(56) 



cosh (ma;) ' 

where is a normalization factor, and the continuum eigenfuntions with eigenvalues 
given by u!'^{k) = k"^ + m?. As in the model I there are not excited soliton states. From 
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fig. (ID one can expect the following behaviour of the scattering of mesons by the soliton 
(anti-soliton): Mesons with momenta k coming from x = —oo are scattered by the soliton 
(anti-soliton) in mesons with momenta k that reach a; = oo (transmited mesons) and 
in mesons with momenta k that go back again to x = — oo (reflected mesons). To find 
the reflection and transmission amplitudes we have to solve eq.(^5l) with the adequate 
boundary conditions. The solutions of eq. (|55|) can be written in terms of hypergeometric 
functions and using the asymptotic properties of these hypergeometric functions one can 
find easily the following for the reflection and transmision amplitudes[0] 

sinhfvri?) , , 

R{k) = ±T{k) 57 
cosh(7r/b/mj 

and 

T{-1 -ik/m)T{2-ik/m)T{lTiB -ik/m)T{\±iB -ik/m) 
' ^ r(-^A;/m)r(l - ik/m)T'^{\ - ik/m) ' 

Note that T{k) is the same for the scattering of mesons by the soliton and anti-soliton 
states. R{k) only differ by a phase equal to 27r, z.e, the scattering of mesons coming from 
X = — oo by the soliton state is the same as the scattering of mesons coming from x = oo 
by the anti-soliton state. One can also verify that {\R{k)\'^ + \T{k)\'^) = 1. 

4 Quantum corrections for the soliton mass 

The first quantum correction for the soliton mass is given by the sum in eq. (|4l|) over 
all the eigenvalues of the Schrodinger equation. Such expression is divergent and if we 
subtract the zero point energy associated with one of the trivial vacua the divergence is 
rendered logarithmic. Then we need to renormalize such expression in order to obtain a 
finite expression. But since we are in 1 + 1 it is well known that all divergences can be 
eliminated by normal ordering the field operator. Using this fact Cahill et al in reference 
[§ (see also 0) found an expression free of divergences for the first quantum correction for 
the soliton mass. Expressed in terms of the normalized eigenfuntions of the Schrodinger 
equation this finite expression is given by0 

\ rco ^ 

5M = --J2 dq{uluj-^' - 2u^ + u,)\'ilj^{q)\^ , (59) 

4 „ J —oo 



where 



'0n(g) = / dxexp{iqx)ipn{x) . (60) 
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and ujq = i/gM-m?. Although in both models I and II we know explicitly all the eigen- 
values and eigenfuntions it is still very hard to evaluate the expression given by eg . ([59|) . 
But for model II there is a situation in which one can obtain 6M aproximatelly. This 
situation is when B is very small. In this case from eq.(|57|) we see that i? ~ 0, i.e, the 
Schrodinger equation associated to the model II is approximatelly reflectionless. And as 
was shown in ref. |^ for reflectionless potentials, 6M given by eq.(^9[) can be expressed in 
terms of the discrete eigenvalues only, i.e, 

Tfl 

5M = -— ^(sin^i-^icos^,) , (61) 

where 9i = aiccos{uJi/m). Since For model II there is only one (zero) discrete eigenvalue 
we obtain 6M = — vr/m. Then taking in equation (|^) I{B) ^ 2 we can write for B small 
the following expression for the soliton masses asociated to model II 

M = . 62 

IT 

Since the above expression is valid for B small one would naively discard the first term. 
This can not be made since a is a small parameter. 

5 Conclusions 

In this paper we have analyzed the quantum properties of solitons in (1+1) field theory 
models with density potential given by equations (|I|) and (|^) that we called models I and 
II respectively. Also we analyzed the scattering of mesons by solitons in both models 
at h order. For model II we computed aproximatelly the first quantum corrections for 
the mass of the soliton quantum state. It is interesting to remark that in model II the 
perturbative sector around the vacuum for large n is a free theory (see eq.(0)) but the 
solitonic sector is not. The mesons are scattered by the quantum soliton state. Then the 
lesson that we have learned is that if a theory is free in one sector there can be other 
sector(s) where it is not. 
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Figure 1: The density potential U{(f)) given by eq.(|l|). 
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Figure 2: The density potential U{(f)) given by eq.(2). 
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Figure 3: The Schrodinger potential for model I 
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gure 4: The Schrodinger potential for model II 
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